It is critical to detect hidden, periodically impulsive signatures caused by tooth defects in a gearbox. A hybrid demodulation method for detecting tooth defects has been developed in this work based on the variational mode decomposition algorithm combined with modulation intensity distribution. An original multi-component signal is first non-recursively decomposed into a number of band-limited mono-components with specific sparsity properties in the spectral domain using variational mode decomposition. The hidden meaningful cyclostationary features can be clearly identified in the bi-frequency domain via the modulation intensity distribution (MID) technique. Moreover, the reduced frequency aliasing effect of variational mode decomposition is evaluated as well, which is very useful for separating noise and harmonic components in the original signal. The influences of the spectral coherence density and the spectral correlation density of the modulation intensity distribution on the demodulation were also investigated. The effectiveness and noise robustness of the proposed method have been well-verified using a simulated signal compared with the empirical mode decomposition algorithm associated with modulation intensity distribution. The proposed technique is then applied to detect four different defects in a multi-stage gearbox. The results demonstrated that the demodulated numerical information and pigmentation directly illustrated in the bi-frequency plot of the modulation intensity distribution can be successfully used to quantitatively differentiate the four gear defects.
Introduction
Gearbox fault detection is significant for the security and reliability of mechanical equipment [1] . Faults caused by gear failures account for 10% of the malfunctions in rotating machines and 80% of those in mechanical transmission systems [2] . Therefore, it is necessary to effectively detect faults in a gearbox in order to prevent accidents and guarantee its efficient operation [3] .
Model-based methods in dynamic systems have been continuously proposed for gear fault diagnosis [4] [5] [6] . Nowadays, vibration-based analysis approaches are widely used to identify tooth faults due to their effectiveness and ease of measurement [2] . However, the collected vibration signals of a multi-stage gearbox have strong modulation signatures [7, 8] due to the existence of meshing frequencies, multi-harmonics, and coupled frequencies generated by modulation. Thus, in order to extract important signatures from raw vibration signals, various signal processing techniques have
Theory of VMD

A Brief Introduction of the VMD Algorithm
VMD can decompose a signal x(t) into a number of band-limited intrinsic mode functions (BLIMFs) u k that have the sparsity property in their nature [12, 25] , which can be represented as follows:
(1) where δ denotes the Dirac delta function, j 2 = −1, . 2 denotes the L 2 norm, ∂ t is the derivative with respect to t, * denotes the convolution operator, and ω k is the center frequency. A solution of the minimization Equation (1) can be defined as a saddle point of the augmented Lagrangian that is given below: (2) in which α denotes the balancing parameter of the data-fidelity constraint. The benefits of the embedded Wiener filtering in the algorithm are that VMD is much more robust to sampling and noise. The mode and the center frequency are both iteratively updated in the frequency domain. Consequently, the temporal mode is obtained as the real part of the inverse Fourier transform of the filtered analytic signal using the determined center frequency and bandwidth. The VMD algorithm in detail can be found in [12, 13] . The whole process of the VMD algorithm is shown in Figure 1 . The behavior of VMD in the presence of irregular samples, an impulsive response, fractional Gaussian noise, and tone separation has been thoroughly investigated in [14] . Mode aliasing is associated with tone separation to some extent and will be illustrated in the following subsection. 
Reduced Frequency Aliasing Effect
Mode aliasing or mode mixing is a common phenomenon in the process of EMD, which is defined as signal components in the same intrinsic mode function (IMF) mode containing different disparate scales or components in the same scale residing in different IMF components [26] . Actually, mode aliasing will affect the feature extraction seriously. In order to verify a reduction in the effects of frequency aliasing of VMD, a multi-harmonic signal is analyzed in this subsection. The multi-harmonic signal can be written as follows:
x 1 (t) = 1.5 cos(2π * 30t) + cos(2π * 150t + ϕ) + 0.5 cos(2π * 200t) + cos(2π * 300t) + 1.5 cos(2π * 500t),
The sampling frequency of x 1 (t) is 2000 Hz, while the number of sampling points N is 2000. The temporal waveform of the simulated signal and its Fast Fourier Transform (FFT) spectrum are both shown in Figure 2 . Obviously, there are five frequency components, namely 30, 150, 200, 300, and 500 Hz, in the spectrum. When the simulated signal was decomposed with VMD, the number of modes K was set to 5, and two kinds of initialization of the center frequency ω k , denoted as P u :
, were adopted in the verification, respectively. Finally, five BLIMFs achieved with VMD and their corresponding spectra are illustrated in Figure 3a -d, respectively. It can be seen in Figure 3a ,b that all of the components in the signal can be separated very well without any redundant components and mode mixing when ω k was initialized by P u . All five components of the original signal can be also detected successfully in Figure 3c ,d when the initialization of ω k was chosen as P z in conjunction with a small value of α. Meanwhile, the IMF components obtained by EMD and their spectra are given in Figure 3e ,f. However, it is found that there is no ideal harmonic component in Figure 3e because of the severe mode aliasing of EMD. In addition, it should be noted that the decomposed BLIMFs are very different from the IMFs shown in Figure 3f , since VMD is no longer a recursive decomposition algorithm. 
The Proposed Hybrid Demodulation Technique
Modulation Intensity Distribution
MID is a kind of signal demodulation method that has cyclostationary properties. It is very suitable for the analysis of first-order modulation (discrete carrier frequency) and is also applicable to the analysis of a two-order modulation (random carrier frequency) signal [20] . MID can reveal the relationship between the cyclic frequency and carrier frequency in the bi-frequency domain. In order to better interpret the principle of MID, a simple modulated signal can be assumed as below:
where A m is the amplitude, m = {1, 2, · · · , M}, and nβ is frequency doubling. The spectrum of the above signal x(t) consists of a spectrum line located at the center frequency f (carrier signal) together with some spectrum lines symmetrically located around the frequency f and spaced by cyclic frequency β (modulation components) in Figure 4 . Actually, the core ideal of MID is the sideband filter that allows us to extract the potential carrier signal together with the corresponding modulating signals. Thus, the filtered signal by this technique only has specific signal components and reduced noise. The filtered signal can be given by [27] 
where
The result of the proposed sideband filtering might be then utilized for computing the relationship between three spectral components spaced by the frequency β that is indicated in the presence of modulation [11] . The spectral correlation (SCor) density can be used as an indicator to detect modulation components in the signal. SCor density is defined by
where X 1/∆ f is the completed envelope of the filtered version of the signal x(t) in a narrow
can be calculated as an STFT with a rectangular time window [28] .
As is given in Equation (8), the relationship between X 1/∆ f and x ∆ f is
Therefore, Equation (6) may be written as a time average of a cyclic periodogram.
Then, SCor density can be represented as follows:
where x ∆ f (t, f ) is defined by Equation (5). It should be noted that multiplication by e −j2πβt in Equation (9) performs a frequency shifting operation by cyclic frequency β so as to offer the same central frequency for components x ∆ f (t, f + β/2) and x ∆ f (t, f − β/2). In addition, since the operation proposed in Equation (7) can be illustrated as a joint down-sampling and filtering procedure, the down-conversion operation takes place during the computation of X 1/∆ f (t, f ). Based on Equation (10), the spectral correlation density between components x ∆ f (t, f + β) and x ∆ f (t, f ) is given by
Similarly, the SCor density can be also computed between components
It should be noted that frequency shifting in Equations (11) and (12) causes the frequency f to be the center frequency for both filtered components. To find the relationship between three spectral components spaced by cyclic frequency β, the two SCor densities introduced in Equations (11) and (12) are adopted to calculate the MID using a given ∆ f , which can be expressed by
SCor
Practically, the product of SCor densities as the MID might not be the most utilized metric because of large differences in signal energy in lots of frequency bands. In such cases, the illustration of MID maps may be much more useful when the absolute measure of modulation intensity is normalized between 0 and 1. Therefore, the MID SCoh ∆ f can be readily extended to the use of the spectral coherence (SCoh) density as the MID [16] . SCoh density is given by
Then, the expression of MID with SCoh is also given below:
Certainly, both MID
can be employed in signal demodulation. The difference between them will be investigated in the following subsection.
A Hybrid Demodulation Technique via MID and VMD
Since the acquired vibration signals of a rotating machine are usually multi-components and complex modulation signals, VMD can be used as a pre-processing method to decompose a complex signal into a series of mono-harmonic components so as to further improve the demodulation performance of the MID. Thus, the developed hybrid demodulation technique has complementary merits in the demodulation of a complex signal, whose effectiveness will be first demonstrated using a simulated signal.
A numerical signal x 2 (t) is simulated with an impulsive signal s(t), a multi-harmonic signal u(t), and Gaussian white noise n(t), which is written by [29] 
where the impulsive signal s(t) and the multi-harmonic signal u(t) are separately given by
u(t) = 5 sin(40πt) + 1.5 sin(80πt) + 0.5 sin(120πt).
The sampling frequency and number of sampling points of the signal in Equation (17) are set to 40,960 Hz and 4096, respectively. The carrier frequency of the impulsive component is 3000 Hz in Equation (18) . The damping period of s(t) is T = 0.01 s, so its modulation frequency is 100 Hz. Two noise variances of the simulated signal are considered in order to verify the noise robustness of the proposed technique. The original temporal waveform of the simulated signal and its spectrum are shown in Figure 5 . It can be seen in Figure 5a that the simulated impulsive signal is almost buried in the multi-harmonic signal by the added noise. MID is then used with the meaningful BLIMF2 for the demodulation. The impulsive components usually represent transient signatures generated by a local defect in a rotating machine. Sub-band components of the simulated signal are obtained by the VMD and EMD techniques, which are found in Figure 6a ,b, respectively. VMD can not only effectively detect the impulsive signatures (see BLIMF2 in in Figure 6a ), but also successfully identify the multi-harmonic component (see BLIMF1 in Figure 6a ). However, EMD can only detect the impulsive signal (IMF3 in Figure 6b ). is then used to analyze the raw simulated signal, and the result is shown in Figure 7 . We can find that the cyclic frequency and the carrier frequency cannot be obviously detected due to the added strong noise as well as the influences of the multi-harmonic components. Since the impulsive signal has been successfully identified with VMD, MID is then used to demodulate the meaningful BLIMF2. MID SCoh ∆ f of the BLIMF2 is shown in Figure 8a , where it can be found that the carrier frequency is 3000 Hz and the cycle frequency (modulation frequency) as well as its multipliers are about 100 Hz.
The validation of the proposed hybrid technique is thus well-demonstrated. Moreover, MID is also used to analyze the IMF3 achieved by EMD. MID
SCoh ∆ f of the IMF3 is illustrated in Figure 8b . It can be clearly seen in Figure 8a ,b that the result of the BLIMF2 is much better than that of IMF3. A noise variance of 0.7 is set in the simulated signal in Figure 9 .
is then used to analyze the simulated signal, and the result is found in Figure 7a . We can find that the cyclic frequency and the carrier frequency cannot be obviously detected due to the strong noise. Once more, MID is also used to demodulate the BLIMF2 component. MID SCoh ∆ f of the BLIMF2 is shown in Figure 9b , where it can be clearly seen that the carrier frequency is 3000 Hz and the cycle frequency (modulation frequency) is about 100 Hz. This demonstrates the noise robustness of the proposed technique. In addition, we will also investigate the difference in the MID Figure 10a ,b that the carrier frequency and the cycle frequency are both detected, but the multipliers of the cycle frequencies are not very clearly detected compared with Figure 8a ,b. The reason is that the spectral correlation indicator cannot fully play the role of a modulation intensity factor. Thus, spectral coherence analysis will be used in the MID in the following application. The effectiveness of the proposed hybrid demodulation technique will be further investigated using practical gear vibration signals. 
Identification of a Tooth Defect Using the Proposed Technique
A wind turbine is a high-cost and relatively complex system. Malfunctions of gear often occur in wind turbines due to the harsh working conditions [30, 31] . The proposed hybrid method of MID combined with VMD is applied to identify four types of tooth faults in a multi-stage gearbox in the Wind Turbine Diagnostics Simulator (WTDS) platform.
The Test Rig
The WTDS test rig is illustrated in Figure 11a , while a schematic of the testing gearbox is shown in Figure 11b . The power drivetrain system consists of a two-stage parallel gearbox and a two-level epicyclic gearbox. The system was driven by a 3HP motor. The rotating frequency of the input shaft was set to 29.8 Hz, while the sampling frequency was set to 2.56 kHz. The meshing frequency was about 864 Hz. The rotation speed was 3450 r/min. The torque was 6.089 Nm. The parallel gearbox was selected as the test object in this experimental validation, and its structure and specifications are shown in Figure 12a in detail. A VibraQuest data acquisition system was used to collect raw vibration data with piezoelectric acceleration sensors installed on bearing covers of the input shaft and the output shaft in the parallel gearbox. Four types of tooth defect, namely, root crack, chipped tooth, surface fault, and missing tooth, are used in this experiment, which are respectively illustrated in Figure 12b -e. 
Tooth Root Crack
The collected original signal of the tooth root crack in the experiment is shown in Figure 13 , where impulsive signatures cannot be found in the temporal waveform. It can be only seen in the spectrum that the calculated meshing frequency is about 864 Hz. The reason is that the original signal of the faulty gear is generally influenced by AM/FM components and the additive noise. It is thus difficult to distinguish the condition of the gears based on the above observation. The decomposed BLIMFs with VMD are shown in Figure 14a . The cyclical impulsive sub-band component (BLIMF2) can be clearly seen. Then, MID is used to further identify the modulation signatures in this BLIMF2. The result of the MID SCoh ∆ f of BLIMF2 is given in Figure 15a , where the modulation frequency (or cyclic frequency) and its multipliers can be clearly observed. The cyclic frequency α is 29.13 Hz and is equal to the rotating frequency of the input shaft, which shows that those impulsive signatures were induced by a local defect in the gear. In addition, the carrier frequency is in nature dominated by the first-order gear meshing frequency (about 850 Hz). Therefore, the failure of the gear on the input shaft has also been demonstrated. The decomposed IMFs with EMD are shown in Figure 14b , where we can find that the cyclical impulsive component (IMF3) is detected. The MID SCoh ∆ f of IMF3 is given in Figure 15b . It can be seen that the modulation frequency (the cyclic frequency) α is also 29.13 Hz, which is equal to the rotating frequency of the input shaft. However, the carrier frequency represents the first-order gear meshing frequency (about 768 Hz). The carrier frequency is not identified in this case. It is obvious that a better result can be achieved using the proposed method than that of EMD combined with MID.
Chipped Tooth
The original signal of the chipped tooth is illustrated in Figure 16 . Although the chipped tooth defect is much severe than the tooth root crack, there are no other meaningful signatures found in the time-domain waveform and its spectrum, except some slight impulsive components in the original signal.
The decomposed BLIMF components with VMD are shown in Figure 17a . Similarly, VMD can not only extract the periodic impulsive component (see BLIMF2), but also well-separate the signal and noise to some extent. The MID of BLIMF2 is given in Figure 18a , where the modulation frequency (cyclic frequency 29.13 Hz) is also equal to the rotating frequency of the input shaft. In addition, the carrier frequency is in nature dominated by the first-order gear meshing frequency (about 850 Hz). Figure 17b shows IMFs achieved using EMD, where we can find that EMD also extracts the periodic impulsive component (see IMF4). It can be easily found in the MID of IMF4 given in Figure 18b that the modulation frequency (cyclic frequency) is also 29.13 Hz and the carrier frequency roughly dominates around 800 Hz. Obviously, the proposed method can achieve a better result than that of EMD combined with MID. In addition, it can be found in the pigmentation directly illustrated in the bi-frequency plot of MID shown in Figures 15a and 18a that the color is darker in Figure 18a due to the severe chipped tooth defect in comparison with the slight tooth root crack. Therefore, to some extent, the severity of gear faults can be judged by observing the pigmentation of the modulation spectrum intensity distribution.
Tooth Surface Abrasion
The original signal of tooth surface abrasion is displayed in Figure 19 . Although it can be found in the frequency domain that the original signal of the gear is mainly combined with the low frequency component near the 1730 Hz resonance band, it is still difficult to judge the running state of the gear. Once more, the decomposed BLIMF components using VMD are shown in Figure 20a , where periodical impulsive characteristics can be obviously found from the second and the third sub-signals. The IMFs achieved by EMD are illustrated in Figure 20b , where some periodical impulsive information can be also found from the second IMF. The MID of BLIMF2 is shown in Figure 21a , where the modulation frequency (equal to the 29.13 Hz cyclic frequency) and its harmonics can be clearly found. Most importantly, the carrier frequency (about 1750 Hz) is approximate to the double meshing frequency in this case, which is well in accordance with the signatures induced by gear surface abrasion. The MID of IMF2 is shown in Figure 21b . MID combined with EMD cannot identify the modulated frequency and the carrier frequency in this case. This demonstrates that the proposed technique can well-differentiate different gear defects. 
Broken Tooth
In this case, the original signal of a broken tooth is illustrated in Figure 22 . In Figure 23a ,b, the decomposed BLIMFs and IMFs using VMD and EMD are separately found, where impulsive components can be also seen from BLIMF1 and IMF2. Subsequently, BLIMF1 and IMF2 are analyzed using MID, whose results are given in Figure 24a ,b, respectively. It can be found that the modulation frequency and its harmonics are successfully detected once again using the proposed technique, while the carrier frequency is also identified as the meshing frequency (about 850 Hz) in this case. The modulation frequency and its harmonics can be detected using EMD and MID in Figure 24b . The carrier frequency is not identified in this case. It can be found in Figure 24a that the pigmentation of MID is much darker than those in Figures 15a and 18a , since the broken tooth defect is more severe than the chipped tooth and tooth root crack defects. 
Conclusions
A hybrid demodulation approach has been proposed for detecting defects in a multistage gearbox using variational mode decomposition and modulation intensity distribution. Variational mode decomposition is used as a pre-processing technique prior to modulation intensity distribution. The reduced frequency aliasing effect of variational mode decomposition is evaluated, which demonstrated that variational mode decomposition is very useful for separating noise and harmonic components. Moreover, the influences of spectral coherence density and spectral correlation density on the modulation intensity distribution have been also investigated. The effectiveness and noise robustness of the proposed method have been well-verified using a simulated signal compared with the empirical mode decomposition algorithm associated with modulation intensity distribution. The merits of the presented technique are as follows: (i) variational mode decomposition can effectively separate noise and harmonic components in the original signal due to its good reduced frequency aliasing effects; (ii) modulation intensity distribution can numerically identify the hidden cyclostationary signatures in the bi-frequency domain and thus can well-differentiate different gear defects; and (iii) the pigmentation visually illustrated in modulation intensity distribution plots can be adopted to quantitatively detect gear defects. The effectiveness of the proposed hybrid demodulation method has been well-verified with simulated and four experimental tests corresponding to different gear health conditions. The results show that the performance of the presented method is also better than that of empirical mode decomposition combined with modulation intensity distribution.
Besides this, a new technique that has been developed to automatically select the optimal components achieved by variational mode decomposition will be reported in future work. Model-based techniques are another important method for fault diagnosis. A comparison between the model-based technique and the proposed signal-based technique will be also considered in the future. 
